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Strength Prediction of Fiber Reinforced Plastics
with a Hole Under Compression–Tension

C. Soutis,¤ C. Filiou,† and V. Pateau‡

Imperial College of Science, Technology, and Medicine, London, England SW7 2BY, United Kingdom

An approximate solution in the form of a polynomial is developed for the in-plane stresses near a circular hole in
an orthotropic composite laminate under biaxial loading. The derived stresses are found to be in good agreement
with the exact anisotropic solution for a series of laminates investigated. However, the degree of accuracy of the
approximate stress distribution is strongly in� uenced by the laminate layup and the biaxiality ratio. The resultant
stresses are then employed in a fracture mechanics model to estimate the damage initiation, growth, and � nal
fracture of carbon � ber–epoxy plates with an open hole subjected to biaxial compression–tension static loading.
Using the independently measured laminate parameters of unnotched strength and in-plane fracture toughness,
the model successfully predicts the notched strength of multidirectional laminates under various biaxiality ratios.

Introduction

T HE uniaxial tensileor compressivebehaviorof composite lam-
inateswith an openholehavebeengivenconsiderableattention

in the literature.1 , 2 However, very few studies3 , 4 have been reported
for the evaluationof the notched strengthof laminates under biaxial
loading.Strength predictionmethods have been almost entirely lim-
ited to uniaxial loading. Daniel5 extended the average stress failure
criterion, developed by Whitney and Nuismer6 for uniaxial tensile
loading, to solve the problem of a quasi-isotropicnotched laminate
under equibiaxial tensile stress; the method was complex and did
not result in a simple solution suitable for use in design.

In the present paper, the Soutis–Fleck model7 (see also Ref. 8)
is modi� ed to predict the notched strength of carbon � ber rein-
forced plastic (CFRP) laminates under tension–compression load-
ing,where � nal failureis due to 0-deg� ber microbuckling;the 0-deg
plies are parallel to the compression load. The model is based on
the stress intensity factor K I for cracks emanating symmetrically
from the edge of the hole and the stress distribution adjacent to the
hole. The latter can be calculatedby using either analytical or com-
putational (� nite element) methods. The stress distribution near a
circular hole, in orthotropic plates under biaxial in-plane loading,
has been examined analytically9 , 10 and is based on the complex
variable mapping approach.11 – 14 However, this solution is cumber-
some to apply without the use of an electronic computer. In this
work, a simple polynomial expression for the stress distribution is
described and compared with the exact one. It is based on the lim-
iting characteristicsof the exact solution and is an extension of the
polynomial expression developed by Konish and Whitney15 for the
uniaxial loading case. The new expression is then employed with
the Soutis–Fleck7 fracture model to examine the notch sensitivity
of CFRP plates under biaxial compressive-dominatedloading; pre-
dictions are compared to experimental data.

Derivation of the Approximate Solution
The problemof interestconsistsofanopencircularholeextending

through the thickness of an orthotropic composite laminate under
biaxial loading (see Fig. 1). The in-plane dimensions of the plate
are very large compared to the hole diameter, and the material is
assumed to be homogeneous, elastic, and anisotropic, correspond-
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ing to the lamination theory model of a midplane symmetric � ber
composite laminate.

Konish and Whitney15 derived an approximate solution in the
form of a polynomial for the normal stress distributionadjacent to a
circular hole in an in� nite orthotropic plate under uniaxial loading.
The polynomial is obtained by adding sixth- and eighth-orderterms
to the isotropic stress solution, that is,

r orth
x x (0, y) / p = 1 + 1

2
n ¡ 2 + 3

2
n ¡ 4 + f ( n ) (1)

For thebiaxialload case (Fig. 1) the stressdistributioncan be written
as

r orth
x x (0, y) / p = 1 + [( k + 1) /2]n ¡ 2 + [3(1 ¡ k ) / 2]n ¡ 4 + f ( n )

(2)

where n = y / R, with R the hole radius, k the biaxiality ratio (q / p),
and

f ( n ) = a n ¡ 6 + bn ¡ 8 (3)

Although there is no unique form for f ( n ), some general proper-
tiesof this functionmay be deduced.Becausethe problemof interest
is symmetric with respect to the x axis, f ( n ) must be symmetric
with respect to its argument. Furthermore, it is clear that f ( n ) must
approach zero as n increases without limit because both isotropic
and anisotropic stresses must approach a common limit at large n .
The a and b coef� cients are determinedby requiring the exact value
of the stress concentration factor (SCF) to be recovered at the hole
boundary and requiring that overall balance of force resultants be
obtained.

We � rst evaluate Eq. (2) at the hole boundary (n = y / R = 1),
obtaining the SCF at point A:

K orth
A (0, R) = K iso

A + f ( n = 1) (4)

where K iso
A =3 ¡ k . By the substitution of Eq. (3) and rearranging,

Eq. (4) becomes

a + b »= K orth
A ¡ (3 ¡ k ) = [HA ¡ 1]K iso

A
ê
ê (5)

with HA = (K orth
A / K iso

A ); this parameter measures the magnitude of
the orthotropic effect. The orthotropic stress concentration factor
at point A of the hole boundary due to loads p and q is given by
Lekhnitskii11 as

K orth
A = 1 + n ¡ k k (6)

where

k = Ï Ex x / E yy , n = Ï 2(Ï Ex x / E yy ¡ m xy ) + Ex x / G (7)
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Fig. 1 Orthotropic open-hole plate subjected to biaxial loading.

with E , G , and m being the laminate elastic properties in x –y
Cartesian coordinates.

A second equation for a and b is obtained by requiring that the
force resultantsof both the exact and approximateanisotropicstress
distributionsbe equal, that is,

* 1

R
[r orth

x x (0, y)
p ]dy = * 1

R
[r iso

x x (0, y)
p ]dy + * 1

R

f (n =
y

R)dy

(8)

Additionally, the total force of the isotropic stress distributionmust
be equal to the force resultant of the anisotropic exact stress distri-
bution because both stress resultants must be in equilibrium with
the resultant of a single applied loading. Thus,

* 1

R
[r orth

x x (0, y)
p ]dy = * 1

R
[r iso

x x (0, y)
p ]dy (9)

By the substitution of Eq. (9) for Eq. (8), it can be found that

* 1

R

f (n =
y

R)dy = 0 ) * 1

1

f ( n ) dn = 0

) * 1

1
(a n ¡ 6 + bn ¡ 8) dn = 0 ) 7a + 5b = 0 (10)

The solution of the system of Eqs. (5) and (10) leads to the de-
termination of the a and b constants of the f ( n ) polynomial. For
the biaxial loading con� guration shown in Fig. 1, assuming that the
dominant load is on the x axis, the a and b coef� cients are found as

a = ¡ 5
2 [K orth

A ¡ (3 ¡ k )] = ¡ 5
2
K iso

A [HA ¡ 1]

b = 7
2 [K orth

A ¡ (3 ¡ k )] = 7
2
K iso

A [HA ¡ 1]

IIIIII (11)

Equation(11)combinedwith Eqs. (2) and (3)yieldsthe approximate
stress distribution along the y axis under biaxial loading:

r orth
x x (0, y)

p
»= 1 +

( k + 1)
2 (R

y )
2

+
3(1 ¡ k )

2 (R

y )
4

¡ (3 ¡ k )
[HA ¡ 1]

2 [5(R

y )
6

¡ 7(R

y )
8 ] (12)

with y ¸ R. Similarly, the stress distribution r orth
yy (x , 0) along the x

axis can be obtained:

r orth
yy (x , 0)

p
»= k +

( k + 1)
2 (R

x )
2

¡
3(1 ¡ k )

2 (R

x )
4

¡ (3 k ¡ 1)
[HB ¡ 1]

2 [5(R

x )
6

¡ 7(R

x )
8 ] (13)

with x ¸ R and HB = (K orth
B / K iso

B ). The orthotropic and isotropic
SCFs at point B are given by the following expressions:

K orth
B = (1/ k)[ ¡ 1 + k (k + n)] (14)

K iso
B = 3 k ¡ 1 (15)

For k = 0 Eq. (12) reduces to that derived by Konish and
Whitney15 for the uniaxial loading case. The stress concentration

factors given by Eqs. (6) and (14) depend on the proportion of the
variousplies in the laminateand noton the actualstackingsequence.
However, the stacking sequence has a noticeable in� uence on the
strength and failure patterns of composite laminates.

Comparison with the Exact Solution
To compare the derived approximate solution with the exact, the

stress distribution in XAS/914C notched laminates under biaxial
loading with the dominant load along the x axis (Fig. 1) is consid-
ered. Figures 2a–2c illustrate the extended isotropic (orthotropic)

Fig. 2a Approximate and exact stress distributions for an XAS/914C
open-hole laminate under biaxial loading: (0)ns.

Fig. 2b Approximate and exact stress distributions for an open-hole
composite plate under biaxial loading: (§§ 45/04)ns.

Fig. 2c Approximate and exact stress distributions for an open-hole
composite plate under biaxial loading: (04/§§ 45/902)ns.
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Table 1 Maximum percentages of error for the approximate stress distributiona

Maximum error % occurring
at y = 1.05R–1.25R

Laminate compositionb

Layup (§45):0:90 deg plies, % k = 0 k = 0.5 k = ¡ 0.5 k = ¡ 1

[(0/902 /0)3]s 0:50:50 15 12 18 20
[(90)8]s 0:0:100 11 4 17 22
[(§45)4]s 100:0:0 7 16 8 12
(§45/02 /902 /02 /902 /02)s 16.7:50:33.3 6 4 7 8
(016 / (§45)3 /902)s 25:66.7:8.33 4 3 5 6
(04 / §45/902)s 25:50:25 3 2 4 5
[(§45/04)2]s 33.3:66.7:0 1 0 4 5
[(§45/0/90)3]s 50:25:25 0 0 0 0

aRegion y = 1.05R–1.25R, for various layups.
bMaterial under investigation is a T800/924C laminate subjected to uniaxial or biaxial loading.10

stress distribution r x x [Eq. (12)] and the exact solution9 , 10 over a
distance y / R = 5 from the hole boundary for a biaxiality ratio
of k = ¡ 0.5 for three layups. As expected, both solutions give the
same value for the stressesdevelopingat the hole edge (SCF). Even
though some deviation of the approximatefrom the exact stress val-
ues can be identi� ed, there is an overall acceptable agreement be-
tween the two stressdistributions.The degreeof agreementbetween
the two stress distributions depends strongly on the layup, with
the extreme cases being the unidirectional and the quasi-isotropic
composite plate. Indeed, some deviation of the approximate from
the exact solution is observed in the case of a laminate consisting
of 100% 0-deg plies (Fig. 2). On the other hand, the presence of
§45-deg plies appears to reduce the orthotropy effect and improve
the agreement of the two solutions (Figs. 2b and 2c). The effect
of the higher-order polynomial terms in Eq. (12) diminishes, and
the approximate expression approaches the exact isotropic solu-
tion. In general, for laminates that are dominated by off-axis plies,
the error associated with the approximate solution is less than 6%
(see Refs. 9 and 10). Table 1 presents the maximum error that has
been recorded for the approximate stress distribution in the region
y = 1.05R –1.25R for various layups,consideringthat the respective
laminates are subjected to uniaxial tension (k =0), biaxial tension–

tension (k =0.5), and biaxial tension–compression (k = ¡ 0.5 and
¡ 1). It can be seen that the magnitude of this error drops dramat-
ically when §45-deg plies are introduced in the multidirectional
laminate.

Fracture Toughness Model
The derivedstressdistribution[Eq. (12)]can be used in anystress-

based fracturemodel to predict the notch sensitivityand fracturebe-
haviorof compositesunder any biaxial loading.In the presentwork,
the Soutis–Fleck fracture model,7 modi� ed to include biaxiality, is
used to estimate the notched strength of XAS/914C carbon–epoxy
multidirectionallaminates.The originalmodel7 considersa multidi-
rectionalcomposite laminatewith an openhole subjectedto uniaxial
compression;it employsthe stressdistributionat the edgeof thehole
and linear elastic fracture mechanics concepts. Compressive failure
of such laminates is mainly due to 0-deg � ber buckling (� ber kink-
ing) from the hole edges, accompanied by � ber–matrix debonding,
matrix yielding, and delamination.8,16 ¡ 18 The microbuckle propa-
gates initiallyin a stablemanner along the transversedirectionunder
increasing load. At a critical stress level it grows rapidly and catas-
trophic failure occurs. On a penetrant-enhancedx-ray radiograph,
the microbuckledzone resemblesa fatigue crack in metals.Because
of its cracklike appearance, the authors7 modeled the damage zone
at the edges of the hole as a through-thickness crack (line crack)
with no traction on the crack surfaces. A description of the theory
is presented hereafter for the biaxial loading case.

The Soutis–Fleck model,7 as applied to biaxial loading, is based
on the following two criteria.

Stable Crack Growth
Prediction of stable crack growth is based on a critical value and

the stress distribution adjacent to the circular hole. It is postulated
that � ber microbucklingoccursover a distance`from the hole when

Fig. 3 Schematic representation of microbuckling (line crack) growing
along the y axis under compression–tension loading.

the average stress over this distance reaches the critical stress of the
unnotched laminate, r un (Fig. 3):

r un =
1

` * R + `

R

r x x (0, y) dy (16)

where the stress distribution r x x (0, y) is given by Eq. (12). After
integration, we have

r 1
x x

=
2(1 ¡ f ) r un

( k + 1)(1 ¡ f 2) + (1 ¡ k )(1 ¡ f 4) + (3 ¡ k )(HA ¡ 1)( f 6 ¡ f 8)

= r un f (R, ,̀ k ) (17a)

For a quasi-isotropic laminate (HA = 1), Eq. (17a) reduces to

r 1
x x =

2(1 ¡ f ) r un

( k + 1)(1 ¡ f 2) + (1 ¡ k )(1 ¡ f 4)
(17b)

where k is the biaxiality ratio and f = R / (R + )̀. Microbuckling
begins when `= 0 at a far-� eld stress r 1

i given by Eq. (17a).
Experimental evidence8,16 ¡ 18 shows that in unnotched multidi-

rectional laminates loaded in compression, failure is by 0-deg � ber
microbuckling. Because of their greater axial stiffness, the 0-deg
plies carry most of the load, and, hence, it is the failure of these
laminae that results in laminate fracture. Therefore, by using the
laminate plate theory, the model could be applied at the ply level,
and the unnotched strength r un in Eq. (17a) could be replaced by
the unidirectional strength r 0

c , that is,

r 1
x x = r 0

c g(R, ,̀ E , k ) (17c)

where g is a function of the hole radius R, the crack length ,̀ the
laminate, and 0-deg lamina stiffness properties (represented by the
variable E ) and the biaxiality ratio k .
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Unstable Crack Growth
The microbuckle at the edge of the hole is assumed to behave as

a crack of the same length, with no traction on the crack surfaces.
Then the stress intensity factor at the tip of the crack of length `
from the hole edge (Fig. 3) is expressed as

K I = r 1
x x Ï p (R + )̀Y (R, ,̀ k ) (18)

The length `is small but � nite, R is the hole radius, and r 1
xx is the

remote appliedstress.The parameterY is a correctionfactor that de-
pends on the geometry ( ,̀ R), the laminate properties (orthotropy),
and the biaxiality ratio. It can be obtained from a � nite element
analysis or analytically.4 For a quasi-isotropic layup the Y factor
can be derived from an analytical solution obtained by Newman,19

for an isotropic open hole cracked plate under biaxial loading:

Y = {[(1 ¡ k ) f0 ( R

R + `) + k f1( R

R + `)]! 1 ¡ ( R

R + `)}
(19)

where

f0 = 1 + 0.35( R

R + `) + 1.425( R

R + `)
2

¡ 1.578( R

R + `)
3

+ 2.156( R

R + `)
4

(20)

f1 = 1 + 0.4577( R

R + `) + 0.7518( R

R + `)
2

¡ 0.8175( R

R + `)
3

+ 0.8429( R

R + `)
4

(21)

Note that even though Newman19 derived these expressions for
the tension–tension loading case, the solution is still applicable to
the compression–tension case because they are based on geometric
parameters only. It should be remembered that the crack here is
an equivalent crack representing � ber microbuckling and so crack
closure is not an issue.

The model then assumes that unstable crack growth occurs when
the stress intensity factor at the equivalent crack tip is equal to the
laminate in-plane fracture toughness KIC . The remote stress is then
expressed as

r 1
x x = KIC /

p
p Ỳ (R, ,̀ k ) (22)

Using Eqs. (17) and (22), the remote stress r 1
x x is plotted as a func-

tion of the microbuckle length .̀ Then the failure strength r 1
n of the

notched plate is obtained from the point where the two curves in-
tersect (Fig. 4). This point also provides the critical buckling length

Fig.4 Stableandunstablecrack growthas a functionof fracture tough-
ness KC; the notched strength of the XAS/914C (+45/0/¡¡ 90)2s plate is
obtained from the point where the two curves intersect.

c̀r. The model is formulated by assuming that the plate is of in-
� nite width. However, small-scale laboratory test results provide
notchedstrengthdata on � nite-widthspecimens r n . For propercom-
parisons between the experimental results and predictions, the test
data should be corrected into r 1

n by using an appropriate � nite-
width correction factor.8 , 20

The fracture mechanics approach is justi� ed because the micro-
buckledzoneresemblesa crackand thedamagezoneassociatedwith
the microbuckleis small in extent comparedwith other specimendi-
mensions.The in-planefracture toughnessK IC was measured8 , 21 for
six different T800/924C multidirectional laminates by performing
a series of tests on center-cracked compression specimens. These
specimens were 245 mm long by 50 mm wide with central slits per-
pendicular to the applied load and presharpened by a razor blade.
The crack length-to-width ratios ranged from 0.1 to 0.6, and the
slits were of suf� cient width (about 1 mm) to prevent contact of the
slit faces under compressive loading. An antibuckling device was
used to prevent Euler bending, and the tests were performed on a
screw-driven test machine at a displacement rate of 0.017 mm ¢ s ¡ 1.
The specimensbehaved in an elastic-brittlemanner, and the fracture
toughness was computed from the failure load; the orthotropic K
calibration factors were obtained from a � nite element analysis.7 It
was concluded that KIC was independent of initial crack size and
could be considered as a laminate property. Typical values for the
carbon � ber–epoxy system examined were in the region of 40–50
MPa ¢ m1/2 , depending on layup. For theoretical predictions of the
compressive toughness and microbucklingpropagation in compos-
ites, the reader should refer to some recent work by Fleck22 and
Sutcliffe and Fleck.23 Figure 4 illustrates the effect of toughnesson
notchsensitivityfor the biaxialloadingcase ( k = ¡ 0.3); the notched
strength r n increases with increasing KIC. The KIC value may be
in� uenced by the biaxaility ratio so that it would seem advisable to
determine this experimentally.

a) ¸ = ¡ ¡ 0.3

b) ¸ = ¡ ¡ 0.5

Fig. 5 Strength predictions for an XAS/914C (+45/0/¡ ¡ 45/90)2s plate
under compression–tension loading (W = 30 mm, R = 3 mm, and KC =
40 MPa ¢ m 1/2).
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Applications
The fracture model was evaluated under uniaxial compression

by Soutis,8 and it was concluded that the effects of hole size and
layup on the compressive strength can be obtained with reasonable
accuracy; six T800/924C laminate stacking sequences were exam-
ined with circular holes of diameter 4–25 mm. The strength and
critical microbuckle length predicted by the line-crack model were
accurate to within 10% for the 0-deg-dominated laminates but less
accurate for the laminate composedof mainly §45 plies (83%). For
the 45-deg-dominatedlayup, the model underestimatedthe strength
by approximately 20%. The damage in this laminate is diffuse in
nature, and an equivalent crack representation of damage becomes
inappropriate.

To illustrate the application of the current theory to notched
laminates loaded in biaxial compression–tension, some results are
presented in Figs. 5a and 5b for an XAS/914C carbon–epoxy
(+45/0/ ¡ 45/ 90)2s quasi-isotropic laminate. The critical buckling
length is about 2 mm long, and the predicted strength values for
k ¼ ¡ 0.3 and ¡ 0.5 are 15–20% lower than the measured data.
In these calculations, the KIC value was assumed equal to 40
MPa ¢ m1/2; a higher value of KIC would reduce the difference.The
experimental results were obtained by testing a cruciform-type test
specimen with a 30-mm square test section and a 6-mm hole diam-
eter in a servohydraulic test machine. The damage initiation at the
edge of the hole was observed by using penetrant-enhancedx-ray
radiography.All specimensfailed from the hole in a directionalmost
perpendicular to the compressive loading axis. Postfailure exami-
nation revealed that � ber microbuckling in the 0-deg plies was the
dominant failure mechanism. It initiated from the hole edges and
propagated across the y axis, almost perpendicular to the compres-
sion loading direction. Of course, delamination was present, but
little damage occurred away from the hole, supporting the theo-
retical approach. Fiber microbuckling (or � ber kinking) that forms
near the cutout in the 0-deg plies was also the critical failure mode
observed by Khamseh and Waas24 in composite plates loaded in
biaxial compression.

The present model provides a useful predictive tool for design
engineers, but it is recognized that further work is required to mon-
itor the progressive damage development and to evaluate in more
detail the effect of biaxial loading on the fracture toughness and the
accuracy of the model for other laminate stacking sequences.

Conclusion
The complex nature of the exact solution for the stress distribu-

tion near the notch makes its application cumbersome; therefore, a
rather simple approximate solution for biaxial loading has been in-
troduced. This solution is based on the Konish and Whitney15 poly-
nomial expression developed for orthotropic plates under uniax-
ial loading. The extended isotropic solution yields the same stress
values with the exact solution at the hole boundary. Both curves
show the same general shape, and over a widely varying range of
laminates and biaxiality ratios the agreement between the two so-
lutions is acceptable.9, 10 The degree of accuracy is in� uenced by
the layup and biaxiality ratio, and for layups containing 0/ §45 or
0/ 90/ §45 layers the extended isotropic solution varies from the
exact by less than 6%. When the approximate stress distribution is
used with the modi� ed Soutis–Fleck model, the notched strength
of an XAS/914C quasi-isotropic laminate, loaded in compression–

tension, is predicted with reasonable accuracy, 15–20% lower than
the measured value. The input data required in the model calcula-
tions are the compressive unnotched strength of the unidirectional
plies and the in-plane fracture toughness KIC of the plate. The frac-
ture mechanics approach is justi� ed because the microbuckledzone
resembles a crack, and damage ahead of the microbuckle is small
in extent compared to other specimen dimensions. Further experi-
mental data for different biaxiality ratios and lay-ups are needed for
the model validation.
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